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T h i s  report  preeents  an a n a l y s i s  of  ert i f fened c i r c u l a r  c y l i n d e r s ,  The 
analyRie results in a solution for t h e  n a t u m l f r e q u e n c i e e  of a aimply- 
eupported c y l i n d r i c a l  R h e l l  that ier r e i n f o r c e d  with frames and stringerso 
The s o l u t i o n  ie used to c a l c u l a t e  natural  frequencies f o r  t h e  E-1  and AC-2 
Centaur adapters .  
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SYMBOLS 
= mean radius of skin, frames 
= elements of  t h e  frequency determinant; i,j = 1 , 2 , . 7  
a, af 
a 
A f ,  As 




ex '  
s f  
= cross-sectional area o r  frames, s tr ingers  
= maximum trmplitude o f  the cliaplaceoients u ,  v, w 
= determinant o f  symmetric part  o f  a i .i 
= difference between determinant a and D ij s 
distdnce of frame, stringer centroid from skin 
middle surface 
Young si modu 1 us E 
f 
h 
superscript u6ed to identify frame quantitiae 
skin thicknese 
defined by equations (19a,b) 
d e f i n e d  by equations (?,Sa,b) 
h* , h;' 
8 
f I", I stringer, frame moment of inertia 
KZ, K6 m




2 (P'/E)(l=v 1 
length of cylinder 
bending stress couples 
twisting stress couylee 
1/2?(M - M  
XS 8 X  %k3 
m axial mode number, number of half trave8 in the a x i a l  
direction 
m / L  
6 tress resul tants 
circumferential mode number, number of full waves in the 
circumferential dirr-ction 
n/a 




Q x '  QS transverse shearing a tress reaul tants 
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I- 
t 
u ,  v ,  w 
w w  
6 '  t 
It, 
K- r 
2 2  a kco 
= e x t e r n a l  l y  a p p l i e d  forces ( i n c l u d i n g  i n e r t i a  f o r c e s )  i n  
= s u p e r s c r i p t  uaed t o  i d e n t i f y  s t r i n g e r  q u a n t i t i e s ,  a l s o  
= t ime 
= displ~ceaents o f  t h e  middle  Bur face  of t h e  skin i n  t h e  
= s t r u c t u r a l ,  t o t ' i l  we igh t  c j f  the s t i f f e n e d  c y l i n d e r  
t h e  x ,  s and z d i r e c t i o n s  
arc length 
x ,  R ,  z d i r e c t i o n s  
= c o o r d i n a t e s  i n  t h e  l o n g i t u d i n a l ,  c i r c u m f e r e n t i a l ,  and 
= 1/12 (h /a ) -  
= distance between B t r i n g e r e ,  franes 
= y J - A s 1 ,  a 23-32 
= Poisson's r c t t i o  
= s t r e t c h i n g  component of  t h e  n a t u r a l  f r e q u e n c y  
= m a s s  d e n s i t y  o f  t h e  skin 
= (mas8 of  s t i f f e n e d  c y l i n d e r ) / ( 2 n a L h )  
= d e r i v e d  r l u a n t i t y ,  s ee  e q u a t i o n  ( 3 6 )  
5 c i r c u l a r  f r equency  
= r e f e r e n c e  frequency 
radially inward d i r e c t i o n s  aa shown i n  F i g u r e  1. 
'> 
= c i r c u l a r  f r equency  and c i r c u m f e r e n t i a l  mode numbera a t  
the minimum c i r c u l a r  f r equency  ( f o r  a g i v e n  value of 
axial mode nuaber ,  m) 
= r educed  c i r c u l a r  f r equency  
vi 
. .  . , "  
L 
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S UMNARY 
The atres8 resultant equationx of motion and moment equilibrium for a 
cylindrical fihell are modified to allow for axial and bending rigidity 
of f r i c m e s  and stringers. Appropr ia te  stress resultant-displacement 
equations are formulated thus allowing the trdnsformation of strese 
resultant equations to displacement equations to be made. The aseuwp- 
tion of a simply-supported Bolution yLelds the frequency equation, 
which is w e d  to calculate frequencies for  the F-1 and AC-2 Centaur 
adapters, propoRed versions of the AC-4,5 Centaur adapters, and OAO a f t  
fairing. Since the natural frequencies of  the F-I crdapter have been 
determined experimentally by the Fort Worth test on a full e ize  adapter 
it was possible to check the predictive value of' the analytic frequency 
equation. Correlation between calculated frequencies a n d  test frequencies 
of the F-1 adapter is g o o d ,  thus lending confidence to the value of the  
analysis. 0 
Appendix A is included t o  dieplay the analysis of the behavior of the 
derived frequency equation. This leads to an approximate equation which 





The a c c u r a t e  d e t e r n i n a t i o n  o f  t h e  c i r c u l a r  f r e q u e n c i e s  of v i b r a t i o n  of a 
complex s t r u c t u r e  is u s u a l l y  R time conwuming and t e d i o t i s  t a s k .  Usually 
one i e  f o r c e d  t o  pu r sue  a n  a n a l y s i s  t h a t  breaks the s t r u c t u r e  i n t o  s:nall 
e l e m e n t s .  This relrults i n  iz m a t r i x  r e l a t i o n  between t h e  forces and de- 
f l e c t i o n s  of  t h e  e l e m e n t s  t h a t  rnust be i n v e r t e d  t o  o b t c i i n  LI f r e q u e n c y  
e q u a t i o n .  Except f o r  t h e  simplest o f  s t r u c t u r e s ,  t h i s  i n v e r s i o n  and the 
e v a l u a t i o n  of t h e  r e s u l t i n g  f r e q u e n c y  d e t e r m i n a n t  r e q u i r e s  t h e  u s e  of a 
computer. The i n i t i a l  breakdown of t h e  s t r u c t u r e  is done by hand and ie 
c o n s e q u e n t l y  v e r y  t i m e  consuming f o r  t y p i c a l  s t r u c t u r e s .  The u s e  of a 
computer  f o r  t h e  i n v e r s i o n  o f  t h c  m a t r i x  and  c a l c u l a t i o n  of the f r c q u c n c y  
d e t e r m i n a n t  c c r t , t i n l y  speeds t h e  c a l c u l a t i o n s ,  b u t  c a r e  must be exerciscd 
t o  l i m i t  t h e  s i z e  o f  the matrix so t h a t  t h e  computer  c a n  s u c c e s s f u l l y  
p e r f o r m  t h e  i n v e r e i o n .  I n  short, a l t h o u g h  t h i s  method usualfy yrovidco 
a c c u r a t e  r e s u l t s ,  t h e  procese r ec lu i r e s  much hand c d l c u l a t i o n ,  large arwounta 
o f  computer  t i m e ,  and is t h e r e f o r e  c o s t l y  and c o n t a i n s  nany o p p o r t u n i t i e s  
for e r r o r .  
0 
In an a t t e m p t  t o  d e t e r m i n e  f r e q u e n c i e s  more q u i c k l y ,  t h e  r e s u l t s  of pub- 
l i e h e d  p a p e r e  are o f t e n t i m e s  adapted  t o  the problem a t  hand. The problem 
w i t h  this approach  is t h a t  t h e  e x i s t i n g  a n a l y s e s  are  p r i m a r i l y  f o r  ve ry  
s i m p l e  e t r u c t u r e s .  The e f f e c t s  o f ,  for example,  s t i f f e n e r s  a re  d i f f i c u l t  
t o  determine and t h e   result^ obtained hy madifz ing  the rFnult8 far leas 
complex s t r u c t u r e s  are  o f t e n  g r o s s l y  in e r r o r ,  
The foregoing remarks are i n t e n d e d  to e l u c i d a t e  t h e  need f o r  a method which 
rill p r o v i d e  a means of c a l c u l a t i n g ,  a c c u r a t e l y  a n d  q u i c k l y ,  t h e  n a t u r a l  
f r e q u e n c i e e  t o  be used  i n  p r e d e s i g n  a n a l y s e s .  The need  f o r  s u c h  a method 
p r o v i d e d  t h e  impetus  f o r  t h e  i n v e e t i g a t i o n  t h a t  r e s u l t e d  i n  t h e  analysi ta  
p r e s e n t e d  i n  t h i s  r e p o r t .  Although i t  is u8surned t h a t  t h e  s t r u c t u r e  is 
somewhat u n i f o r m  the e f f e c t  of s t i f f e n e r s  is a c c o u n t e d  for i n  a l o g i c a l  
manner.  The f r e q u e n c y  a n a l y s i e  of s t i f f e n e d  c i r c u l a r  c y l i n d r i c a l  shells 
f o l l o r s .  
1 
I 
DEFORYATION OF STIFFENED CYLINDRICAL SHZLLS 
The stress rcsral tarit e q u a t i o n s  of liiotion that  characterize the  deforrnri- 
tion of  the elastic circular cy l i i iders  will b e  recorded from GD/A Report 
#ERR-,UU-137 (Hefercnce l ) ,  The5v equations will be modified to apply  to 
stiffened cylinders and appropriate stress  resul tsnt-displacement rela- 
tions w i l l  be obtained, thus allowing the equations of  motion t o  b e  
written in terms of the displacements. 
The equations of motion Cor cylindrical & h e l l s  are 
+ q, x 0 - aNXS 8 ?3 
- wx Ns 
hh’ 
E X  ca a 
+ - - -  
9 0  
+ % + - + -  EX Fs a 
8 = o  
au 
ds-x + 
+M / a  t O  
XB + NBX 6 X  
where the spacial coordinates x 
.I 
. L. 
(IC) - ‘ 
(2b) 
( 2 C )  
8 ,  z are defined by Figure 1 and  the 
m .  
stress reeultants (Nx, Pd,N,, NBX, U, U,) and stress couplea (+, Ms9 
M b ,  Mex) are defined by Figure 2. 
ing function, no body forcee) vibration6 of circular cylinders q, q,, q, 
Slbl 
* i q  For the analysis  of  the free (no forc- 
1 *%, 
x; 







where p i e  t h e  m a s  d e n s i t y  of t h e  shell material, h is t h e  t h i c k n e s e  of 
t h e  s h e l l ,  t is t i m e ,  and u,  v ,  w are t h e  d i s p l a c e m e n t s  i n  t h e  x ,  8 ,  z - 
coordinate d i r e c t i o n s .  In t h e  a n a l y s i s  t h a t  f o l l o w s  the l o n g i t u d i n a l  
i n e r t i a  term ( 3 a , b )  a r e  set  e q u a l  t o  zero. T h i s i a  a s i m p l i f i c a t i o n b a s e d  
on the r e su l t s  of a s h a l l o w  e h e l l  a n a l y e i s  by  E. H e i e s n e r  ( R e f e r e n c e  2). 
U t i l i z h g  Reissner's simplification i d e n t i f i e s  this a n a l y s i s  as a n i n w e s t i -  




C o n s i d e r  a c y l i n d e r  t h a t  i e  r e i n f o r c e d  i n  the c i r c u m f e r e n t i a l  and l o n g i -  
t u d i n a l  d i r e c t i o n s .  I t  is assumed t h a t  t h e  s t i f f e n e r s  (fraaes andstrinp;csr&l) 
are s p a c e d  c l o s e  enough t o g e t h e r  B O  t h a t  t h e  e q u a t i o n 6  of motion ( 1 , Z j  i8ay 
b e  a p p l i e d  to a n  e lement  o f  d i s c r e t e  dimensions. F u r t h e r m o r e ,  it ie  
assumed t h a t  t h e  e lement  abcd  (Figure 1 )  is typica l  and may b e  used to 
represent <rtty element o f  the shell. Al1uwirlg these  dssumptiorlhs,  t h e  fl:i'ccz 
and moments r e s u l t i n g  from t h e  rigidity of t h e  s t i f f e n e r e  may be included 
i n  t h e  e q u a t i o n s  of motion.  
0 
The stres~ r e s u l t a n t s  in t h e  f o r c e  e q u a t i o n s  of motion ( l a , b , c )  due  t o  
f'ralaa end _atringer dPfnrmation enter the equatione of motion i n  t h e  dame 
way as t h e  e k i n  stress r e s u l t a n t s .  Therefore, we may w r i t e d i r e c t l y  
e q u a t i o n 6  ( l a , b , c )  a8 t h e y  app ly  t o  e t i f f e n e d  c y l i n d r i c a l  s h e l l s .  Equa- 








where t h e  s u p e r s c r i p t s  (s, f j  on  t h e  stress r e R u l t a r i t s  and stress coup1t~8 
i d e n t i f y  t h e  e t r e s a  r e s u l t a n t s  anti stress couples due t o  t h e  deformation 
of  t h e  stringers and f r a m e s ,  r e f i p e c t i v e l y .  The stress r e s u l t a n t s  and 
stress cou l ) l e s  due t o  t h e  deformat ion  o f  t h o  s k i n  carry no s u p e r s c r i p t s ,  
The d e r i v a t i o n  of  t h e  e q u a t i o n s  of moment e q u i l i b r i u m  analagourn to ( 2 a t  
2b)  r e q u i r e s  more care  l w c ; ~ u s c  o f  t h e  a d d i t i o n a l  terms i n t r o d u c e d  by t h e  
momenta of t he  s t i f f i n e r  s t r e e e  r e e u l t u n t s  about t h e  c e n t e r  l i n e  of t h e  
Rkin.  The .tress r e s u l t a n t s  due t o  s t i f f e n e r  d e f o r m a t i o n  irreasaumedto 
a c t  at the e t i f f e n e r ' e  c e n t r o i d  ( l i n e  n o ,  F i g u r e s  3,4)., S i n c e t h e e q u a -  
t i o r m  of moment e q u i l i b r i u m  (24,b) are  o b t a i n e d  by summing moments about 
t h e  middle l i n e  of t h e  s k i n ,  t h e  moments of  t h e  s t i f f e n e r  @tress r e s u l t -  
a n t s  about t h e  d d d l e  l ine of t he  s k i n  must be c o n s i d e r e d .  Although tLe 
frequency c a l c u l a t i o n s  f o r  t h e  Centaur  a d a p t e r s  show t h a t  t h e s e  terms 
are small i n  comparison t o  terms from t h e  basic  e q u a t i o n s  (2a,b) there 
was no a p r i o r i  reaeon for n e g l e c t i n g  then1 i n  t h e  ana lys i s ,  
shotw t h e  stress r e s u l t a n t s  ( b u t  n o t  strews c o u p l e s )  due  t o  frame de- 
f o r m a t i o n .  
Figure 3 0 
S u m a t i o n  of moments a b o u t  poinl, p y i e l d s  
When t h e  usual  s m a l l  a n g l e  approximat ions  
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eyua t i on ( 5 becomes 
L 
where 
and a is t he  d i s t a n c e  from t h e  c e n t r o i d  of the frame t o  the s u r f a c e  of 
t h e  skin t h a t  io i n  c m t a c t  w i t h  the  frame. 
f 
I n  a similar manner the rnoraentei d u e  t o  t h e  s t r i n g e r  stref is  resultante 
( F i g u r e  4) are summed, y i e l d i n g  
where 
e = a + h/(2 
8 s 
and is t h e  distance from t h e  c e n t r o i d  of  t h e  s t r i n g e r  t o  t h e  eurf tace 
of t h e  skin t h a t  is i n  c o n t a c t  w i t h  the s t r i n g e r .  
f f M8 and M and t h e  etres8 c o u p l e s  Me, M 
moment e q u i l i b r i u m  i 2 t l , b j 0  n i i n  tneee adri i i ione ,  (2a,b: berijse 
8 
The expressions for  
are added to t h e  ecjuationer of 
X 8  _._  
E q u a t i o n  (2c)  is unchanged. 
.. . 
+ Q  f ) are e l i m i n a t e d  by subetituting The shear stress r e s u l t n n t s  (U +Us 
e q u a t i o n 6  (13a,b) i n t o  (4b,c)o With t h i s  8 u b e t i t U t i o n  t h e  p e r t i n e n t  equa- 
x x *  us a 
t i o n s  of motion become 
5 
, , .., , .  
..I . '* 
, -- 
.?.'t, 
. .. , .- 
: 1  
. 
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Since / a  will be much less  than one for nll applications, the  bracketed 
term in (14b) will be taken as oneo 
f 
The displacement equations of motion are obtained by substituting t h e  
appropriate fitresa resultant-diaplacement relations into equations (14a,b,e), 
The atrcsa reeultant s t r a i n  relations are taken from the aforementioned 
GD/A Report #ERR-AN-137, Essentially, these  relations are the claasic  
equations of th in  shell theory that are baRed on the smii11 deflection 
ttnalysis of ilrotropic elas t i c  t h i n  shell8 whose dispiacements s a i i s f y  
Kinkhhoff's hypotheses and whose stresses normal to t h e  middle surface 
are emall. These relations are 
N X I  +Ms,/a 31 - N  B X  =++m (" bx + 2) 
6 
I- 
where u ,  v ,  w arc t h e  d i s p l a c e m e n t s  of t h e  middle  s u r f a c e  o f  t h e  s k i n ,  h 
is t h e  skin t h i c k n e s s ,  W is f ' o i s s o n ' s  r a t i o  and I? is Young's modulus. 
I n  accord w i t h  P fus t i t a r i ' s  s i m p l i f i c a t i o n  we r e j e c t  t h e  d i s p l a c e m e n t s  u 
and v i n  t h e  expressions f o r  Pi bi M . With t h i s  s i m p l i f i c a t i o n ,  
equ.1tions (1Ga , b  , c )  become 
X '  R '  XS 
From Ifooke's l a w  and e l e m e n t a r y  beam t h e o r y  w e  deduce  t h e  strees r e s u l t a n t s  
a n d  stress c o u p l e s  i n  t h e  s t i f f e n e r s  to L e  
0 
3 8  
#* = -EXs (As) - 
X 2 
-1 a 
( lac 1 
Ex 
(18d)  
" f  f -1 aZwf - EXf ( A  1 -
?e2 
d 
where Young's modulus (E) is assumed t o  be t h e  same for s k i n  and s t i f f e n e r s .  
A S  and A', Is and I , w 
s e c t i o n a l  a r e a ,  moment of i n e r t i a ,  r a d i a l  d i s p l a c e m e n t  of t h e  c e n t r o i d ,  
and  s p a c i n g  of s t r i n g e r ;  and frames. 
d e f l e c t i o n  (we,  r f )  of t h e  s t i f f e n e r s  is e q u a l  t o  t h e  d e f l e c t i o n ,  w 9  of 
t h e  s k i n  equct t ions ( 1 8 c , d )  become 
f s  f f a n d  w , A', b are ,  r e s p e c t i v e l y ,  t h e  c r o s s -  e 
If it  is assumed t h a t  t h e  r a d i a l  




A-W  8 2 -1 A w - 
' J  '> M" = -EIs(A") - , = - axi. 12(1 -u- - )  Ax- X 
where h:** and h 3 * *  are i n t r o d u c e d  to simplify t h e  expressions f o r  M + MY 
c e, X X .. 
and M + HIo It f o l l o w s  from (17a,b) and 119a.b) that 
6 e 
where 
KX = 1 + h3** /h3 
m 5 
If in addition it io aseumed that 
8 u = u  
i v = v  
the atiffener stress resultants become 
and the expressione for (Nx t N:) and (N + N f become 




KX P 1 + h ’ / h  n s 
K” = 1 + h ; / h  
n 
The ecjuations o f  motion may now b e  w r i t t e n  i n  terms of  the displacements 
u, v ,  w .  
9 1 
The d i s p l . t c e m e n t 8  
where A ,  B ,  C are col l f i tants ,  31 = mr/L, X = n/a, rn and n i n t e g e r s ,  L and a 
t h e  l ength  and mean radiue o f  t h e  c y l i n d e r ,  w t h e  c i r c u l a r  f'requency 
s i l t ie fy  t h e  eimyly-supput-ted c o n d i t i o n s  
S u b s t i t u t i n g  the  d isplacements  (2Ga,b,c) i n t o  the displacement equation8 
of motion r e x u l t s  i n  a s e t  of three equat ions  which may be represented  
s g m b o l i c n l l y  ae 
0 
where 
allA + a12B + a13C = 0 
and t h e  e l ements ,  n of equations (18a,b,c) are 
i j '  
r) 
= M ~ K "  + N M ( ~ - v ) / ~  al 1 n (30a) 
10 
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The equations (28a,b,c) have n o n - t r i v i a l  s o l u t i o m  for A ,  13, C only i f  
(31) determinant a = 0 i J  
it'riting (31) as ii ncar-ayemetric cieterminant, " e  have 
where 
Expanding (32 )  yield8 
2 ktr = D + DA 
8 
11 




+ a  ai 1 c 23a12a13 - (alla23 22 13 2a 
D = a33 + 2 s 
a l p 2 2  - a 12 
The frequency equation in its desired form follows from equations (34n,b,c) 
arid definitions ( 3 0 a - 3 0 j ) .  i,e., 
where 




... "~..  -. , 
12 
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The p h y a i c a l  p r o p e r t i e s  of the two a d a p t e r  c o n f i g u r a t i o n s  ( T a b l e  I) were 
used i n  oqirat ion ( 3 3 )  t o  c a l c u l a t e  n a t u r a l  f r e q u e n c i e s .  S i n c e  the s t r u c -  
t u r a l  and t o t a l  weight  ( s t r u c t u r a l  weight  + component w e i g h t )  o f  t h e  AC-2 
C e n t a u r  a d a p t e r  d i f f e r  by s u c h  a l a r g e  amount (1117 l.b8/1539 l b s i ,  t h e  
c a l c u l a t e d  f r e q u e n c i e s  f o r  t h i s  a d a p t e r  are p r e s e n t e d  f o r  b o t h  w e i g h t s  
( T a b l e  XII), The s t r u c t u r a l  weight  o f  the F-1 C e n t a u r  i rdapter  (570 l b s )  
is cloee enough t o  the w e i g h t  of  t h e  adapter t e s t e d  a t  Fort Worth ( 6 2 3  
l b B )  t o  allow one calculation, based on t h e  average w e i g h t ,  t o  s u f f i c e .  
The rcnsul ts  o t  t h i s  c a l c u l a t i o n  are presented i n  T a b l e  XI.. The r c s u l t e  
of  t h e  F o r t  'Yorth t e s t  on a f u l l  s i z e  a d a p t e r  are i n c l u d e d  for comparison.  
5 , o  DISCUSSION 
It is t h e  a u t h o r ' s  o p i n i o n  t h a t  t h i s  a n a l y s i s  is a l o g i c a l  approach  t o  
t h e  problem of s t i f f e n e d  c y l i n d e r s .  The h i g h  degree of c o r r e l a t i o n  between 
the f r e q u e n c i e s  p r e d i c t e d  by e q u a t i o n  ( Y r i )  and t h o s e  determined expt'r'i- 
m e n t a l l y  a t  F o r t  Worth i n d i c a t e  t h e  a b i l i t y  of  eq3ation (35) t o  p r e d i c t  
v i b r a t i o n  f r e q u e n c i e e  of r e i n f o r c e d  c y l i n d e r s .  Far t h i s  r e a s o n  and t h e  
f a c t  t h a t  t h e  f r e q u e n c y  e q u a t i o n  (35) p r o v i d e s  a quick, s l i d e - r u l e  de- 
t e r m i n a t i o n  of  t h e  f r e q u e n c i e s ,  the resulte  of t h i s  analysis, s h o u l d  
_-.-.I^ ~ ' " .=  t o  L- w= a ..o.r?.*l tmf fsr predicting t h e  n a t u r a l  f r e q u e n c i e s  of 
v i b r a t i o n  of s t i f f e n e d  c y l i n d e r s .  
t 
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TABLE I o  PROPI~:HTIF,C UP TIIE F-1, .&C-2 ATLAS-CEWAUR ADAIzTEHS 
18 
. >  
, 
7 5 ' 6 '  i 
I I I --t;+- 
I 






118 1 103 i 100 j 100 t 84 I 91 I ! 
TABLE I1 M)RT WORTH TEST RESULTS ( DOTTOM NUMBEX) A M I  CALCULATED 
FREXXJPACIPS (C.PoS. FOR TIIE F-1 CENTAUR ADAPTER 
CALCULATEII FREQUENCIES ARE BASED ON AN ADAPTER WEIGHT 
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TABLE 111, CALCULATED FREQUFBCIES ( C . P . S . )  FOR THE AC-2 CE'TAUR ADAP"ER. 
UPPER FRWUENCY IS BASFS ON AN ADAPTER WEIGHT OF 1117 LBS. 
LOWER FREi:UF,NCY IS RASED ON AN ADAPTER WEIaflT OF IS39 L I S .  
20 
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APPENDIX A 
APPROXIMATE MJi3"OD FOR DI?TERblINING THE EFFECT OF I'ARAMLTEII CHANGFS ON 
THE LOWEST FREQUENCIES OF VIBRATION OF A STIFFERED CYLINDRHCAL SHELL 
This section contuins a d e t a i l e d  investigation of the frequency equation 
(35). The minimum frequency (with reepect to circumferential mode number, 
n) is determined, and it ia found that an approximate simple reletionship 
between minimum frequency and shell parameters can be determined. 
dependence of the  other frequencies on the  shell parameters ie dif icussed 
The 
"s 
in a qualitative manner. 
made in the process  of using (35) to compute natural frequencies f o r  the 
F-1, A C - 2 ,  AC-.?, AC-5 Centaur adapters and OAO aft fairing. 
Thie ie possible because of the observations 




s x  K K -VL.I 
will be referred to as the "stretching corp8nent of the circular frcqiiency" 
and 
(ro 4 (H 4 x  Km + N'K;)
A1 
f A 4 )  
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f 
will be referred to a~ the “bending component o f  the  c i r c u l a r  frequency.“  
A b a r  under q u a n t i t i e s  t h a t  are a f u n c t i o n  of c i r c u m f e r e n t i a l  mode nurubers, 
n, w i l l  be used t o  i n d i c d t e  that  they  are e v a l u i r t e d  a t  t h e  va lue  of  n for 
which t h e  c i r c u l a r  frequency is a minimum, i.e., D. Using thie c o n v e n t i o n ,  
the value  of t h e  lowest frequency is 
- 
‘ J  
u- (tal - 
The manner in which 
c) 
(A5) is wr i t t en  i n d i c a t e 8  ur is a function of longi- - 
tudinal  mode number, e. That is, there will be minirun frequency for eech . ‘L . 
va lue  of m. tu is found by B e t t i n g  - 
2 2  Insert ing  t h e  e x p r e s s i o n  f o r  a kw i n t o  ( A 6 )  results i n  
4 . 4  8 




F4uation ( A ? )  implies t h a t  the m i n i m u m  frequency occurs when the  stretch- 
ing term ie approximately sqia? t c  the hending term. Thie follows from 




I - -  








/ K Y - V \  n n  
I I + 
+ =  Ks 
M4 M2 1 - v  - .- 
.v 
x l  
are approx ima te ly  t r u e  f o r  most a p p l i c a t i o n s .  The c o n c l u s i o n  t h a t  t h e  
minimum f r e q u e n c y ,  w, o c c u r s  when t h e  s t r e t c h i n g  component of  t h e  c i r c u l a r  
frequency i 8  a p p r o x i m a t e l y  e q u a l  t o  t h e  bending component of t h e  c i r c u l a r  
frequency ie v e r i f i e d  by t h e  calculations from t h e  Centaur adoptera. 




A n  i n v e e t i g a t i o n  of t h e  behavior o f  t h e  s t r e t c h i n g  coiaponent of t h e  c i r c u l a r  
f r e q u e n c y  
- 
I I  
shows t h a t  s Le almost c o n s t a n t  w i t h  regard t o  v a r i a t i o n s  on t h e  e t i f f e n e r  
propertie8 (8ee  Table A-V) and var i e s  i n v e r s e l y  116 t h e  cube of t h e  c i r c i r m -  1 
f e r e n t i a 1  mode number, n (Figure A$5). 
m a t h e m a t i c a l l y  am 
Theoe r e s u l t s  may be expressed 
.. 
< -  
= t- f s \ / n  3 
"1'"' -- ( A l l )  
- 
, i%j 
lowest n a t u r a l  f r equency  is g iven  by I * .  
E q u a t i o n s  ( A ? ,  A 1 0 ,  A l l )  imply t h a t  the  c i r c u m f e r e n t i a l  erode number of t h e  
and t h e  loweet  c i r c u l a r  f r equency  is g i v e n  by 
A 3  
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When (A121 is rewritten to read 
and (A141 is substituted into ( A 1 3 ) ,  we have 
i . e o  
where r e a b  "is proportional too" Substituting the expressions for 
K" m = 
CY = 12 (h/a) 
r12(l-v2)If 3 [Afh3 
1 2 
into (A16b) reaults in 
where xf  0 frame moment of inertia 
a I radius of cylinder 
bp m dietance betwean frames )I 
(A16a) 
@ 1 h = ekin thicknea6 
p '  s -8s of reinforced cylinder/vefme of skin 
Equation (ii17) provides Q means of evaluating the change in lowemt na-tural 
frequency of a stiffened cylindrical shell w i t h  changes in j)aramctermo 
Equation (A171 has bean applied to the AC-2,  -4, -5 Centaur Adaptera and 
the OAO aft fa ir ing .  
of the change in lowest frequencies of vibration with change i n  parameterr 
Table A-VI ahora that ( A 1 7 1  giver a good prodicticm 
as compared to the complete frequency calculation via equation (All. 
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The e f f e c t  of parameter- changes on the  other natural  fre i luencies  can be 
expressed { j u a l i t d t  i v e l y  by exumininl: t h e  form o f  t h e  frequency ,equation 
( 4 1 )  and r e c a l l i n g  t h e  c a l c u l a t i o n s  t h a t  were performed f o r  AC adapters  
3 ,  4 ,  5 and the  0 . 4 0  a f t  f , j i r i n g .  The frec!uency/parameter dependence is 
expressed by t h e  r e l a t i o n  
where Q = parameter,  such t i 8  fraiiie i n e r t i a ,  e t c ,  
P = exi)oncnt i n d i c a t i n g  the degree of  proport  l u n a l i t y  between 
2 
(1’ and (4. 
0- 
3 4 5 
M 
"'I m = / 
0- 
2 3 f - 2  3 
I_- 
-.-- 
< I  
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A C - ~  ( v e r .  1) 
60 











AC-5 (ver. 2) 
60 
26.2 
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3 4 5 6 




64 43 51 72 102 




3 I 177 13 1 108 1 104 119 
L 
TABLE A-II 0 CAI,CULATED FREflUENCIES ( C . P . S )  FOR THIC PROPOSFD VERSION 
OF THE AC-4 CEhTAUIl ADA;'TER, CALCULATIONS ARE BASED ON 
AN ADAPTER WXCHT OF 1400 LBS. 
I 
2 I 
82 53 I 69 94 
2 168 114 09 i a0 106 
1 114 ' 221 164 128 - 
TABLE A - I V .  CALCUIATISD FRE!.JUF&CIES ( C . P . S . )  FOR THE O h 0  A F T  FAIHlSG.  
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8 Kn = 2.91 
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L = 1.917 n 
Ix = 1.819 n 
.s 


















Cs = 1.824 
C X  = 1.819 
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TABLE A - V I  0 COMPARISON OF FREciUENCY Rx4TI0 ( d ~ ~ ) , = ,  , PREDICTED BY .\ 
COMPLETE C.r\LCULATION ( A 1  ) VERSUS FRFQUENCY RATIO PHE431 C7' '*3  
BY TIfE APPROXIHATE II'ORMULA ( A 1 8 )  THE REPEHENCF, COhwIG- 
URATION IS TH12 F-1 CFmAUH ADAPTFJI. 
. 
